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BCS superconducting transitions in lattice fermions
Kazuto Noda,∗ Kensuke Inaba, and Makoto Yamashita
NTT Basic Research Laboratories, NTT Corporation, Atsugi 243-0198, Japan
We develop a general description of the superconductivity of lattice fermions based on the BCS
theory. We propose a modeling of the density of states (DOS) of lattice fermions, where divergent
and semi-metallic structures are described by asymptotic expansions around the Fermi energy. This
modeling leads to a unified representation of the transition temperature Tc at half filling, which
reproduces asymptotic forms of Tc derived in several lattices, such as the square, honeycomb, and
Lieb lattices, for the weakly interacting limit. The derived asymptotic forms of Tc are categorized
into four types, which is attributed to the different responses of the degenerate fermions depending
on the DOS structures. The DOS with a delta-functional singularity induces the highest Tc in the
weakly interacting region, where Tc is linearly proportional to the pairing interaction U . Three
kinds of universal ratios defined in the BCS theory no longer reduce to constants independent of the
system parameters but can be parameterized with a certain variable that characterizes the singular
structures of the DOS. We find universal relationship among thermodynamic quantities that holds
for all parameter regions. Further, we numerically demonstrate that in multi-band systems the
correlation effects can induce an effective delta-functional singularity. This phenomenon generally
appears in multi-energy (or multi-gap) systems and may provide a plausible guideline for material
designs of high-Tc superconductor.
I. INTRODUCTION
Superconductivity (SC) or superfluidity has been one
of the most attractive research topics in interacting
fermionic systems such as electrons in condensed matter
and 3He [1, 2]. Currently, artificially created systems,
such as cold atoms [3, 4], carbon-based materials [5, 6],
and layered or thin-film materials [7, 8], are activating
this research field. The mechanism of SC transitions in a
wide variety of systems can be simply understood on the
basis of BCS theory [9], where SC is described by conden-
sation of Cooper pairs. This microscopic theory proves
that, for instance, transition temperatures can be deter-
mined from a few parameters as Tc ∝ e−1/ρ(εF )U , where
U is the paring interaction and ρ(εF ) is the density of
states (DOS) ρ(ω) at the Fermi energy εF . This univer-
sal description holds only for weakly interacting regions
but is applicable to both continuum and lattice systems.
In lattice systems, the band structure resulting from
the discrete translational symmetry could yield a diver-
gent structure of the DOS: ρ(ω) → ∞. A typical ex-
ample is a logarithmic divergence in the square lattice
ρ(ω) ∝ ln(W/|ω|), where W is the bandwidth. This
divergence is known as a Van Hove singularity (VHS)
[10]. When this logarithmic singularity locates around
εF , the transition temperature derived by the BCS the-
ory is given by Tc ∝ e−
√
W/U [11, 12]. Recent exper-
imental progress offers an opportunity to fabricate sys-
tems with another type of singularity. This is a delta-
functional singularity (DFS) with ρ(ω) ∝ δ(ω) result-
ing from the (dispersionless) flat bands, and thus it can
also be called the flat-band singularity. In experiments,
Kagome [13] and Lieb [14] lattices with a flat band have
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been created in cold atom systems with an optical lattice.
In addition, a theoretical study has pointed out that such
a singularity appears at the surface of stacked graphene
[15], at that of the strained topological materials [16], and
in the strained graphene [17]. The BCS theory suggests
that this strong singularity yields a linear dependence of
Tc ∝ U [12]. In general, the divergent singularities of
the DOS change the U -dependence of Tc. In particular,
a power-law dependence of Tc on U leads to significantly
high Tc by comparing with the exponential dependence
for weak interactions. These facts indicate that the con-
trol of the DOS, namely, band engineering, paves the way
for exploring weakly interacting high-Tc superconductor
materials.
Another kind of important DOS structure in lattice
systems is the semi-metallic structure with ρ(εF ) → 0.
For example, in a honeycomb lattice (e.g., graphene),
the DOS shows a linear dependence ρ(ω) ∝ |ω| resulting
from the linear dispersion of the Dirac fermions. The
BCS theory predicts that, because of the vanishing ρ(εF ),
the SC transitions occur at a finite interaction strength
Uc, and the transition temperatures obey Tc ∝ (U −
Uc) [18, 19]. Because of the finite Uc, the BCS theory
will somewhat break down, whereas a similar behavior of
Tc ∝ (U − Uc)β with β ∼ 0.8 has been demonstrated by
quantum Monte-Carlo simulations [20]. Thus, the BCS
theory can capture the essence of the transitions of the
semi-metallic DOS at a finite Uc 6= 0.
For both the divergent singular DOS and vanishing
semi-metallic DOS, ρ(εF ) no longer parameterizes Tc,
and the well-known form of Tc ∝ e−1/ρ(εF )U is insuffi-
cient to comprehensively describe the SC transitions in
lattice systems. On the other hand, such an exponential
dependence of the characteristic energy scale is a common
feature of the weakly interacting fermions with a normal
DOS ρ(εF ) ∝ 1/W (6= 0 and ∞): such as, the magnetic
transition temperatures in lattice systems [21] and the
2Kondo temperatures in the impurity systems show the
same behavior [22]. We thus need to establish general
expressions of Tc (and other related quantities such as
SC gap energy) by considering the singular structures of
the DOS usually appearing in lattice systems. This gen-
eralized theory will allow us to discuss a variety of phase
transitions of lattice fermions in the recently created sys-
tems mentioned above and also help us to establish a
band-engineering material design in the future.
In this paper, we provide a general description of the
BCS formulations in lattice systems. Our approach leads
to a unified analytic expression of Tc that reproduces all
of the four forms—Tc ∝ e−1/ρ(εF )U , ∝ e−
√
W/U , ∝ U ,
and ∝ (U −Uc)—derived separately as mentioned above.
Our approach further offers a way to comprehensively
understand the transitions in lattice systems. To de-
rive this form, we propose a simple modeling of the DOS
to systematically describe the various kinds of the DOS
structures. The unified expressions of the energy gap,
thermodynamic quantities such as specific heat, and the
universal ratios are derived in the same way. We clarify
that a singular structure of the DOS definitely changes
the functional forms of these quantities, whereas we also
find universal relationship that holds regardless of the
singular structures. We also present numerical simula-
tions based on the dynamical mean field theory (DMFT),
which deals with the local interaction effects precisely.
We here demonstrate that the DFS will effectively appear
in multi-energy systems, e.g., when multi-band systems
with different bandwidths (Wnarrow < Wwide) satisfy the
condition Wnarrow < U < Wwide. Systems with such
a possible condition will be candidates for the high-Tc
weakly interacting superconductors.
Our paper is organized as follows. In Sec. II, we in-
troduce a general modeling of the DOS that describes
the singular structures. In Sec. III, we derive an an-
alytical form of Tc and detail its asymptotic behavior.
In Sec. IV, we calculate the gap energy around Tc and
at T = 0. In Sec. V, we show generalized definitions
of the universal ratios dealing with the singular struc-
tures of the DOS and relations among these ratios. In
Sec. VI, we show the dynamical mean-field results of a
model for multi-energy systems to demonstrate the effec-
tive delta-functional (flat-band) singularity. In Sec. VII,
we summarize our study.
II. MODEL AND METHOD
In this section, we start by explaining our model
Hamiltonian and briefly mention the gap equation ap-
proach for investigating the SC transitions. After that,
we propose a modeling of the DOS to systematically deal
with divergent and semi-metallic structures. This ap-
proach offers an opportunity to comprehensively under-
stand the SC transitions of lattice fermions.
A. Hubbard Hamiltonian and Gap Equation
We investigate the SC transitions of lattice fermions
and thus consider the Hubbard Hamiltonian. This simple
Hamiltonian describes the physical properties of various
systems, such as electrons in condensed matter and atoms
in an optical lattice. This Hamiltonian can be written as
H =
∑
kσ
εknkσ − U
∑
i
ni↑ni↓, (1)
where niσ is the number operator of a fermion with spin
σ in the real space at the ith lattice site and nk,σ is that
in the momentum space with the wavevector k. U is the
pairing interaction strength with U > 0, and εk repre-
sents the band dispersion with bandwidth W , which we
set as a unit of energy. For simplicity, we avoid detailed
discussions of the system parameters, such as the origin
of the pairing interaction, the lattice structure, and the
form of εk. Instead, we consider various functional forms
of the local DOS ρ(ω) ≡∑
k
δ(ω−εk), and we focus only
on the asymptotic behavior of the DOS around the Fermi
energy ρ(ω) ∼ a(W/|ω−εF |)p+const. This simplification
(detailed later) allows us to discuss the SC transitions in
the various types of lattice systems in a systematic and
comprehensive manner.
The following gap equation based on the BCS theory
properly describes the s-wave SC transitions [1]:
1
U
=
∫
dω
ρ(ω)
2
√
ω2 +∆2
tanh
(√
ω2 +∆2
2T
)
, (2)
where T is temperature and ∆ represents the supercon-
ducting gap energy. In the next three sections, we an-
alytically solve this equation and determine the func-
tional forms of transition temperature Tc, which can be
obtained by substituting ∆ = 0 into Eq. (2). This gap-
equation approach is valid for the weakly interacting limit
U ≪ W , which leads to ∆ ≪ W and Tc ≪ W . We fur-
ther assume that the band filling is one half, and the
lattice structure is bipartite, which yield ρ(ω) = ρ(−ω)
and εF = 0. These assumptions mean that particle-hole
symmetry holds, and thus the results in the present study
can be straightforwardly applied to the magnetic transi-
tions in bipartite lattices at half filling. A more general
study, such as consideration of systems with asymmet-
ric DOSs, which will require numerical computations, is
beyond our current scope.
B. Modeling of the DOS
We here explain in detail how we deal with the DOS of
lattice fermions, which is the key to our approach and
leads to unified descriptions of Tc, ∆. As mentioned
above, we consider the series expansion of ρ(ω) around
the Fermi energy ω ∼ εF . This is a reasonable exten-
sion of the well-known approximation that deals with
3only the DOS at the Fermi energy without considera-
tion of the functional structures of ρ(ω) around εF . The
main advantage of our approach is that we can compre-
hensively and systematically deal with various types of
DOSs, such as the normal type with a finite ρ(εF ), the
divergent type ρ(ω)→∞, and the semi-metallic (vanish-
ing) type ρ(ω)→ 0.
1. Normal DOS
We first comment on that the simplest modeling pro-
vides the well-known solutions of the gap equation for the
normal DOS without any singularities around the Fermi
energy. Given the uniform (rectangle-shaped) DOS with
step function θ(x)
ρN(ω) =
1
W
θ
(
W
2
− |ω|
)
, (3)
we obtain the conventional exponential form of the tran-
sition temperatures: Tc ∝ e−1/ρ(εF )U , where the DOS
at the Fermi energy ρ(εF ) is now given by 1/W . This
conventional modeling successfully captures the essential
feature of the SC transition when the DOS is normal
metallic with a finite ρ(εF ).
2. Singular DOS
We next discuss the modeling of the singular DOS.
In Ref. [10], Van Hove has pointed out that disper-
sion εk is generally flat at the band edges, ∂εk/∂kx = 0,
and that the DOS of lattice fermions can therefore have
singularity ρ(ω) → ∞. A typical example is the log-
arithmic singularity in the square lattice with disper-
sion εsqu
k
= −(W/4)[cos(kx) + cos(ky)]. This logarith-
mic divergence is called the two-dimensional VHS. The
exact form of the DOS in the square lattice is written
as ρsqu(ω) = (2/π2|ω|)K (1− (W/2ω)2) θ(W/2 − |ω|),
where K(x) is the complete elliptic integral of the first
kind [23]. An asymptotic expansion of ρsqu(ω) around
ω ∼ 0 shows the logarithmic divergence: ρsqu(ω) ∼
-0.5  0  0.5
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Figure 1. (Color online) DOS of the square lattice
ρsqu(ω) =
(
2/pi2|ω|)K (1− (W/2ω)2) θ (W/2− |ω|). The
dotted line shows the asymptotic expansion ρsqu(ω) ≃
4 ln(W/2|ω|)/pi2W + 8 ln(2)/pi2W .
(4/π2W ) ln(W/2|ω|) + 8 ln 2/π2W + O(ω2 lnω). Figure
1 shows a comparison between the asymptotic function
of ρsqu(ω) and the exact one. Such an asymptotic ex-
pansion adequately captures the structure of the vari-
ous types of DOSs, which will be generally described
as ρ(ω) ∝ (W/|ω|)p + const. For example, the one-
dimensional VHS [10] is written as ρ(ω) ∝
√
W/|ω| [24].
We here provide a modeling of the DOS to describe it
with a singularity, which is defined as
ρS(ω) =
(1 − p)
pW
[(
W
2|ω|
)p
− 1
]
θ
(
W
2
− |ω|
)
, (4)
where power p of |ω| characterizes the strength of the sin-
gularity. Singularity strength p should be p ≤ 1 because
ρS(ω) should satisfy the conditions
∫
dωρS(ω) = 1 and
ρS(ω) ≥ 0 for any ω.
For positive p, ρS(ω) diverges at ω = 0 as (W/|ω|)p:
e.g., for p = 1/2, ρS(ω) ∝
√
W/2|ω| + const. It is im-
portant to discuss the two special cases of p = 0 and
1. For p = 0, ρS(ω) leads to the logarithmic diver-
gence because limp→0(xp − 1)/p = lnx, and we obtain
ρS(ω) = ln(W/2|ω|)/W . For p = 1, ρS(ω) equals 0 ex-
cept for ω = 0, for which it is indefinite, and we find that
ρS(ω) is equivalent to delta function δ(ω). For negative
p, ρS(ω) converges as (|ω|/W )|p|+const. For −2 < p < 0,
ρS(ω) still shows a weak singularity: ρ(ω → 0) is fi-
nite, but shows a kink structure with a discontinuous
∂ρ(ω)/∂ω at ω = 0. This type of weak singularity
is also called the VHS. For example, p = −1/2 yields
ρ(ω) ∝
√
|ω|/W + const. [see Fig. 2(b)], and a similar
structure of ρ(ω) can be seen in the cubic lattice. This is
the three-dimensional VHS. Note that the negative p is
unbounded, and the p→ −∞ limit leads to the uniform
rectangular DOS defined in Eq. (3) [see Fig. 2(e)].
The modeling with the singularity strength p ∈
(−∞, 1] makes clear the hierarchical structure in singu-
larity. The DFS (p = 1) is the strongest divergence,
and the logarithmic singularity (p = 0) is the weakest.
The power-law singularities 1/|ω|p are in between. The
negative p shows no divergent singularity, but a weak
singularity such as a kink structure still remains. Note
that the kink structure disappears for p ≤ −2. The limit
of p → −∞ reproduces the uniform DOS without any
functional structures around ω = 0. Furthermore, d-
dimensional VHS is reproduced with power p satisfying
the relation
p = 1− d/2.
As mentioned above, we find d = 3 VHS of
√
|ω|/W
for p = −1/2, d = 2 VHS of ln(W/|ω|) for p = 0, and
d = 1 VHS of
√
W/|ω| for p = 1/2. The lower the d-
dimensional singularity is, the stronger the divergence
becomes. The system with the two dimensional VHS
(d = 2) locates a boundary between the systems with
divergent and convergent DOSs, and the characteristic
logarithmic behavior at p = 0 reflects this marginal prop-
erty. The strongest singularity at p = 1, the DFS, can be
4regarded as the zero dimensional VHS (d = 0). This type
of singularity emerges with or without hopping. A trivial
example is localized fermions without hopping. On the
other hand, certain non-Bravais lattices, such as Lieb and
Kagome´ lattices, have a flat band, which yields a non-
trivial DFS with hopping. We emphasize that the above
DOS in Eq. (4) can not reproduce the nontrivial DFS,
and thus we further provide a generalized DOS as men-
tioned below. We finally note that d-dimensional VHSs
can be seen in D-dimensional lattices, where d does not
need to be the same as D. For example, the layered Lieb
lattice (D = 3) contains various VHSs of d = 0, 1, 2, and
3 [12].
3. Generalized singular DOS
We further propose the following generalized modeling
of the DOS:
ρ(ω) = aρS(ω) + bρN(ω), (5)
where ρS(N)(ω) is the singular (normal) DOS defined
above in Eq. (4) [(3)]. We introduce singularity weight
a with the normalized condition:
∫
dωρ(ω) = a+ b = 1.
The condition of ρ(ω) ≥ 0 for any ω requires min(p, 0) ≤
a ≤ 1. We should note that the negative weight a(< 0) is
possible for negative p with a non-divergent DOS. Neg-
ative weight a means that the DOS shows a concave (or
pseudogap) structure around the Fermi energy [see Fig.
2(f)].
Using this generalized DOS, we can reproduce the
asymptotic expansion of the square lattice with (p, a) =
(0, 4/π2), which is shown in Fig. 2(c). Note that the
constant term (1 − a)/W ∼ 0.59/W does not exactly
equal the original value (8 ln 2/π2W ∼ 0.56/W ). This
difference is in fact negligible, when the normalized con-
dition
∫
dωρ(ω) = 1 is imposed. For p = 1, ρ(ω) leads
to aδ(ω) + (b/W )θ(W/2 − |ω|). This DOS with a = 1/3
plotted in Fig. 2(d) can describe the DOS of the Lieb lat-
tice as discussed in our previous study [12], where weight
a of one-third means that one of three bands is flat and
the other two are dispersive. Thus Eq. (5) with p = 1 can
describe a nontrivial DFS. For a = 1 (and b = 0), ρ(ω)
reduces to the DOS of the trivial localized fermions with-
out hopping: ρ(ω) = δ(ω). In this way, the combination
of the two parameters, singularity strength p and singu-
larity weight a, is required to reproduce various types of
DOSs of lattice fermions.
The concave DOS with negative a can further represent
the semi-metallic DOS. To clearly show this point, we
rewrite Eq. (5) as
ρ(ω) =
{
a
(1− p)
pW
(
W
2|ω|
)p
+ ρF
}
θ
(
W
2
− |ω|
)
, (6)
where ρF = (p− a)/pW is a constant term at the Fermi
energy. For p = a with p < 0, the DOS at the Fermi
energy vanishes, ρF = 0, and thus the DOS given by
Table I. Classified regions.
Region
I divergent DOS with ρ(0) =∞
RI :={a, p| 0 < p ≤ 1 ∩ 0 < a ≤ 1}
II logarithmic-divergent DOS with ρ(0) =∞
RII :={a, p| p = 0 ∩ 0 < a ≤ 1}
III semi-metallic DOS with ρ(0) = 0
RIII :={a, p| p < 0 ∩ p = a}
IV normal metallic DOS with finite ρ(0)
RIV :={a, p| (p < 0 ∩ p < a ≤ 1) ∪ a = 0}
total Rtot = RI ∪RII ∪ RIII ∪RIV
Rtot := {a, p| p ≤ 1 ∩min(p, 0) ≤ a ≤ 1}
ρ(ω) = (1+|p|)W
(
2|ω|
W
)|p|
describes semi-metallic struc-
tures [see Figs. 2(g-i)]; for instance, the DOS of the Dirac
fermions in a honeycomb lattice is reproduced for p = −1
as ρ(ω) ∝ |ω/W |, which is shown in Fig. 2(i). The DOS
with ρF = 0 has been studied in a previous work [25].
Note that ρF is an important parameter that determines
various thermodynamic quantities, as will be discussed
in the next three sections.
Finally, we summarize how the DOSs of lattice
fermions are categorized according to two parameters a
and p. As mentioned above, ρ(0) (not ρF ) can be classi-
fied into the following three types: the divergent singular
(ρ(0)→∞), the vanishing semi-metallic (ρ(0)→ 0), and
the normal metallic (ρ(0) = finite). Furthermore, by con-
sidering the special property at p = 0, we distinguish the
logarithmic divergence from the other divergences. We
thus provide the following classification with four cate-
gories of types of DOSs: (I) divergent type in 0 < p ≤ 1
and 0 < a ≤ 1, (II) logarithmic divergent type in p = 0
and 0 < a ≤ 1, (III) semi-metallic type in p < 0 and
p = a, (IV) normal type in (p < 0 and p < a ≤ 1) or
a = 0. Table I summarizes these four categories and the
corresponding regions Rn with n = I, II, III, and IV. As
will be discussed in the next sections, this classification
with four categories is convenient when we discuss the
properties of the transitions. Figure 2 shows a p-a region
map for describing the above four DOS categories and
provides some examples of DOSs for several choices of
(p, a).
III. TRANSITION TEMPERATURE
In this section, we discuss how the singular DOS struc-
tures affect SC transition temperature Tc. We first
explain the physical meaning of the gap equation de-
rived with the generalized singular DOS. The power-law
structure of the DOS around the Fermi energy modi-
fies the gap equation, where we find the competition be-
tween polynomial and exponential responses of degener-
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Figure 2. (Color online) p-a region map for classifing the
DOSs of lattice fermions, where p ∈ (−∞, 1] and a ∈
[min(p, 0), 1]. The four colored regions Rn with n = I, II, III,
and IV are defined in Table I. (a)-(i) Typical DOSs with given
(p, a), some of which asymptotically describe the DOS in the
specific lattices: (a) (−2, 1/2) Bethe lattice, (b) (−0.5, 1/2)
cubic lattice, (c) (0, 4/pi2) square lattice, (d) (1, 1/3) Lieb
lattice, (e) (−∞, 1/2) uniform DOS, (f) (−1,−1/2) (typical)
concave DOS, (g) (−∞,−∞) two delta fucntions [26], (h)
(−2,−2) depleted DOS, (i) (−1,−1) honeycomb lattice.
ate fermions as detailed below; that is, the fermions with
the normal DOS shows an exponential response such as
e−1/ρFU . Next, we provide a unified representation of
Tc for all systems described by the generalized singu-
lar DOS, which is applicable to various lattices, such as
the square, honeycomb, and Lieb lattices. This repre-
sentation is written down with the Lambert W function
Wn(x), which is the inverse function of xex and thus
contains both polynomial and exponential properties (for
details, see Appendix A). This duality of Wn(x) enables
us to derive a comprehensive description of the lattice
fermion’s transitions governed by the Fermi distributions.
Finally, we provide the asymptotic forms of Tc for the
weakly interacting limit U ≃ 0. Considering the asymp-
totic properties of the LambertW function, we can imme-
diately derive the asymptotic forms of Tc in each region
Rn with n = I, II, III and IV. These results allow us to
systematically and comprehensively understand the BCS
transitions of lattice fermions. Consequently, the high-Tc
mechanism originating from the singularities can be pa-
rameterized as p and a, and then the upper limit of the
BCS transition temperature is determined as Tc = aU/4
at p = 1.
A. Physical meaning of the gap equation
The following gap equation determines transition tem-
perature Tc, which is derived from Eq. (2) with ∆ = 0
(see Appendix B for derivations):
1
U
= −aχ+ aBTc
W
(
W
Tc
)p
+ ρF ln
(
1
ATc
W
Tc
)
, (7)
where ATc is a constant πe
−γE with Euler’s constant
γE(= 0.577). Note that this equation is derived by as-
suming Tc/W ≪ 1, and thus we only focus on a few of
the leading terms of the
(
Tc
W
)
-series. Here we define the
two parameters, χ and BTc , that depend on p:
χ =
1− p
p2
1
W
(≥ 0) (8)
BTc =
(1− p)(4 − 21−p)Γ(−p)ζ(−p)
p
(> 0), (9)
where ζ(s) and Γ(s) represent the Riemann zeta and
gamma function, respectively.
The gap equation (7) clearly shows the physical ori-
gin of each term. The third term on the r.h.s with
a coefficient ρF comes from the uniform structure of
the DOS in Eq. (6). The exponential dependence of
Tc/W ∝ e−1/ρFU results from this logarithmic term.
This exponential behavior is characteristic of the re-
sponse of the degenerated fermions around the Fermi sur-
face. In contrast, the first and second terms with weight
a originates from the power-law structure in Eq. (6).
These terms will lead to the power-law dependence of
Tc/W ∝ U1/p, which characterizes the response of the
Fermi surface with the singular DOS. The coexistence
of the exponential and polynomial responses will be a
universal physics in the lattice fermions. Consequently,
the competition between these two types of the responses
determines the nature of the transitions.
The two constant terms aχ and 1/U in Eq. (7) can be
summed up in a physical term 1/U¯ defined by:
U¯ =
U
1 + aχU
. (10)
This form allows us to recall the (random-phase-
approximation-like) renormalization of the interactions
due to many-body effects. For a small U ≪W , the effec-
tive interaction U¯ is reduced to ≃ U − aχU2. Since χ is
positive, the sign of a determines the renormalization ef-
fects. A convex structure (a > 0) makes the interaction
small, whereas a concave (pseudogap) one (a < 0) en-
hances the interaction. The renormalization is caused by
the fermions away from the Fermi energy ǫF ; for instance,
for a concave (convex) structure, more (fewer) particles
take part the transitions away from ǫF than those at ǫF .
We can see that the renormalization effects disappear for
the three limits a = 0, p → −∞, and p = 1 because
aχ goes to zero. The former two provide the uniform
DOS and the latter provides the delta-functional DOS.
Furthermore, in semi-metallic region RIII, this renormal-
ization picture well describes the transition at a finite
critical interaction, which is detailed in Sec. III C.
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Figure 3. (Color online) Lambert W function and its asymp-
totic expansions. The principal branch W0(x) is defined for
−1/e ≤ x and −1 ≤ W0(x), and the negative branch W−1(x)
for −1/e ≤ x < 0 and W−1(x) ≤ −1. Asymptotic expan-
sions are written as W0(x) ∼ x (x ∼ 0),W0(x) ∼ ln(x) −
ln(ln(x)) (x→∞),W−1(x) ∼ −1−
√
2e(x+ 1/e) (x ∼ −1/e),
and W−1(x) ∼ ln(−x)− ln(− ln(−x)) (x ∼ −0).
B. Unified representation of the transition
temperature Tc
We here provide a unified form of transition tempera-
ture Tc obtained by solving Eq. (7):
Tc
W
=
1
ATc
exp
(
− 1
ρF U¯
+
1
p
Wn
(
paBTcA
p
Tc
WρF
e
p
ρF U¯
))
,
(11)
where Wn(x) (n = 0,−1) is the Lambert W function
defined as the inverse function of xex. The coexistence of
polynomial and exponential responses mentioned above
is properly taken into account by this function. Figure
3 shows the two branches of the Lambert W function
defined with a restriction of real-valued Wn(x) and x:
the principal branch W0(x) is defined for −1/e ≤ x <
∞ and the negative branch W−1(x) for −1/e ≤ x < 0.
Note that the Lambert W function is multivalued for a
negative x. The properties of this function are detailed
in Appendix A. We emphasize that a unified expression
of Tc/W is derived for all DOS structures described by
the generalized singular DOS. Further, this result enables
us to systematically classify the characteristic asymptotic
behavior of Tc in each region represented in Table I as
discussed below.
We here confirm that the above unified form repro-
duces the previous results for specific limits. For a = 0,
where W0(0) = 0, it reproduces the well-known form
Tc/W = e
−1/ρFU/ATc . For p = 1, we obtain Tc/W =
a
/
4bW0
(
aATce
W
bU /4b
)
, which is consistent with our pre-
vious result [12]. Note that we here rewrite Eq. (11) to
Tc/W =
(
paBTc
WρF
) 1
p
[
Wn
(
paBTcA
p
Tc
WρF
e
p
ρF U¯
)]− 1p
using the
definition of the Lambert function x = Wn(x)eWn(x),
and we use BTc = 1/4, ρF = b/W , and U¯ = U for p = 1.
As mentioned below (see Sec. III C and Appendix D),
we can confirm that the p = 0 limit properly reproduces
the logarithmic divergent results [12]. These Tc results
for p = 0 and 1 were independently derived in our pre-
vious study [12], where we investigated the layered Lieb
lattice that contains both the logarithmic and the delta-
functional singularities in the DOS.
C. Asymptotic behaviors of Tc
We here discuss the asymptotic behavior of Tc for the
weakly interacting limit U/W → 0. The unified expres-
sion (11) elucidates characteristic properties of Tc for
each DOS structure: the divergent, log-divergent, semi-
metallic, and normal metallic structures. Considering
the limit U/W → 0, we find that the argument ofWn(x)
in Eq. (11) defined as X =
apBTc
WρF
ApTce
p/ρF U¯ goes to dif-
ferent end-points, either 0, −1/e, or ∞, depending on
(p, a). We can classify the regions Rn=I,II,III,IV defined
in Table I to categorize the points to which X goes for
U/W → 0. Figure 3 shows the asymptotic behavior of
Wn(X) (see Appendix A), which determines the asymp-
totic form of Tc. Thus, we can stress that the quantity
apBTc
WρF
ApTce
p/ρF U¯ characterizes the response of the degen-
erated fermions for the weakly interacting limit. The
detailed derivation of the asymptotic forms is shown in
Appendix D.
We show a summary of asymptotic behavior of Tc:
Tc
W
=


(
aBTcU¯
W
) 1
p
(
1 +
U¯ρF
p2
ln
(
A−pTc W
aBTcU¯
))
(RI ∪RIII) (12a)
≃


(
aBTc
U
W
) 1
p (RI)(
(U−Uc)W
|p|BTcU2c
) 1
|p|
(RIII)
(12b)
1
ATc
exp
(
b
a
− b
a
√
1 +
2aW
b2U
+
a2Alog
b2
)
≃ 1
ATc
exp
(
−
√
2W
aU
)
(RII) (12c)
1
ATc
exp
(
− 1
ρF U¯
)
(RIV), (12d)
where Uc = [p/(p−1)]W and Alog = γ2E−π2/4+2 ln2 2+
2γ1 with the Stieltjes constant γ1(= −0.0728). Interest-
ingly, Eq. (12a) indicates that Tc of the divergent (except
for logarithmic divergence) and the semi-metallic DOSs
can be described by the same expression, which reflects
the fact that the same asymptotic form ofWn(x) leads to
Tc for both types of the DOSs (see Appendix D). Further
considering the sign of p, we rewrite it into the different
expressions in Eq. (12b).
The four types of asymptotic forms in Eqs. (12b)-
(12d) reproduce the previous results [1, 11, 12, 19]. We
7should note that our forms are more generalized: Tc can
be systematically parameterized by (a, p). In general,
these four forms are not analytical around U = 0 or Uc
(except for some fractional p). Namely, Tc can not be
described by the simple perturbative expansion of U as∑
ClU
l, where Cl is a coefficient with an integer l. This
feature is common for both normal and singular DOSs.
In the following, we organize the characteristic of the
asymptotic form in each region. In divergent-structure
region RI, the power-law-U dependence of Tc allows us
to expect much higher transition temperatures by com-
paring them with those of the exponential forms e−1/ρFU
and also e−
√
2W/aU . The change in the scalability pro-
vides a significantly enlarged Tc. We emphasize that the
singularity changes the U -dependence of Tc even with a
small singularity weight a. The highest Tc of the BCS
transitions is given by Tc ≃ aU/4, which is induced by
the strongest DFS appearing at p = 1 [26]. We should
note that a DFS can be effectively seen in multi-band
systems as mentioned in Sec. VI.
In semi-metallic structure region RIII, the transition
temperature is given by Tc/W ∝ [(U − Uc)W/U2c ]1/|p|.
Equation (12a) clearly indicates that the phase tran-
sitions occur at finite critical point Uc ≡ −1/aχ =
[|p|/(|p| + 1)]W , where p = a < 0. Note that Uc is de-
fined as the point where the sign of U¯ in Eq. (10) changes
(see Appendix D). We should note that, since the inter-
action is strong at U ≃ Uc, correlation effects may spoil
our weak-interaction description. We here compare our
result with a previous numerical result for the honey-
comb lattice p = a = −1, both of which are described
as Tc/W ∝ (U − Uc)β . We obtain Uc/W = 0.5 and
β = 1. Recent quantum Monte Carlo simulations present
Uc/W = 0.645 and β ∼ 0.8 [20], which suggest that our
simple mean-field approach provides appropriate estima-
tions.
In logarithmic divergent region RII, the transition
temperature is given by a specific exponential form
e−
√
2W/aU , which yields the higher Tc than the normal
exponential form but the lower Tc than the power-law
form. The asymptotic form of W−1(x) around x = −1/e
provides this specific behavior (see Appendix D). It
should be emphasized that the logarithmic divergence
shows different behavior from the other divergent DOSs,
even though the semi-metallic DOSs show the same be-
havior as the other divergent DOSs. These features are
characteristics of this weakest singularity and convince us
that the logarithmic divergence is distinctly categorized
from the other divergence. We further find the charac-
teristic marginal behavior of this singularity as discussed
in Sec. V.
Finally, in normal region RIV, the unified form repro-
duces the conventional form of Tc ∝ e−1/ρF U¯ . Note that,
because of the power-law-structure of the DOS around
ǫF , the interaction is renormalized as U¯ ≃ U −aχU2. As
mentioned below Eq. (10), the sign of singularity weight
a determines whether the interaction is enhanced or sup-
pressed.
IV. GAP ENERGY
This section is devoted to the discussion of the gap
energy. We first derive ∆ at T = 0, which shows a sim-
ilar representaion of Tc in Eq. (11). We next demon-
strate that the gap energy around Tc obeys ∆(T ) ∝√
(Tc − T )/Tc, which indicates that the SC transition
is of the second order even with any DOS signularities.
Furthermore, we discuss the behavior of the order param-
eter Φ ≡ 〈c†i↑c†i↓〉 related with the gap energy as ∆ = UΦ.
With the DFS at p = 1, Φ shows characteristic behavior
that is relevant for the high-Tc mechanism caused by the
DOS singularities.
A. General expression of ∆0
We first calculate the gap energy at zero temperature
∆0. We now use the following gap equation obtained at
T = 0, which has the same structure as that of Eq. (7):
1
U
= −aχ+ aB∆0
W
(
W
∆0
)p¯
+ ρF ln
(
W
∆0
)
, (13)
where
p¯ =
{
p (−2 < p ≤ 1)
−2 (p ≤ −2) , (14)
B∆0 =


Γ( 3−p2 )Γ(
p
2 )
p2p
√
pi
(> 0) (−2 < p ≤ 1)
−a−1a (p = −2)
(p+2−3a)
a(p+2) (p < −2)
. (15)
We find that the leading term in Eq. (13) changes at
p = −2 (see Appendix C for details), and as a result,
the parameters p¯ and B∆0 show complex p-dependences.
Interestingly, an anomaly at p = −2 results from the
fact that ρ(0) becomes smooth at p = −2; namely, at
ω = 0, ρ(ω) has a kink or divergent structure for p > −2,
whereas it is continuous and smooth for p ≤ −2. Such
an anomaly in the gap equation cannot be found in that
for Tc in Eq. (7). This difference is attributed to the
properties of the steep Fermi surface at T = 0 and to the
smooth one at finite temperatures.
By solving Eq. (13), we obtain
∆0
W
= exp
(
− 1
ρF U¯
+
1
p¯
Wn
(
ap¯B∆0
WρF
e
p¯
ρF U¯
))
,
(16)
which is the same as a unified form of Tc when we re-
place the parameters as follows: BTc → B∆0 , ATc → 1,
and p → p¯. Thus, by using this replacement, we ob-
tain asymptotic forms similar to those in Eq. (12). We
find that the quantity
ap¯B∆0
WρF
ep¯/ρF U¯ shows the same be-
havior as
apBTc
WρF
ep/ρF U¯ , both of which determine the re-
sponse of the Fermi surface as mentioned above. In
8the subset of semi-metallic DOS region RIII, we find
a specific behavior of ∆0: For a = p ≤ −2, ∆0/W
is given by
[
(U − Uc)W/|p|B∆0U2c
]1/2
, where |p| should
not be replaced by |p¯| = 2 because a = p(6= p¯). A
similar anomaly for a = p ≤ −2 can be found in ∆
around Tc as mentioned below. It is thus convenient
to define regions R<III := {a, p ∈ RIII| p ≤ −2} and
R>III := {a, p ∈ RIII| p > −2}.
B. Gap energy around Tc
We next show that gap energy ∆(T ) around Tc is given
for the all of the regions by
∆(T )/Tc = R0
√
(Tc − T )/Tc (Rtot),
where we introduce the coefficient R0. This indicates
that, even though the singular structures of the DOS
change the functional forms of Tc, the transitions are of
the second order for all of regions Rtot. (See Appendix
E for details of the calculations shown below.)
With an assumption of Tc/W ≪ 1, we obtain R0 as
R0 =
√
WρF + apBTc(Tc/W )
−p
B0WρF + aB1(Tc/W )−p
(17)
where
B0 =
7ζ(3)
8π2
,
B1 =
(
4− 2−p−1) (1− p2) sec (pip2 ) ζ(p+ 3)
p(2π)p+2
,
which holds for all regions except forR<III. We can further
reduce R0 to
R0 =


√
pBTc
B1
(RI ∪RII ∪R>III)√
1
B0
(≡ A0) (RIV),
(18)
where the reduced R0 is determined by considering the
dominant terms for Tc/W ≪ 1: for p ≥ 0 or ρF = 0
(namely, ∈ RI ∪ RII ∪ R>III), (Tc/W )−p terms are dom-
inant both in the numerator and denominator, whereas
for a = 0 or p < 0 (namely, ∈ RIV), the constant terms
are dominant.
We next discuss ∆(T ) in R<III. Equation (18) shows
that R0 =
√
pBTc/B1 vanishes at p = −2 and that R0 =
0 for p ≤ −2 (namely, ∈ R<III). We should note that
∆(T )/Tc ∝
√
(Tc − T )/Tc still holds forR<III with a small
but finite coefficint R0:
R0 =
√
−pBTc
B∆0(Tc/W )
p+2 −B1 , (19)
which is further rewritten for Tc/W ≪ 1 as√
−pBTc/B∆0(Tc/W )−p/2−1 for p < −2 and
√
2π2/3 ln(W/Tc) at p = −2. These terms propor-
tional to (Tc/W )
−p/2−1 or 1/
√
ln(W/Tc) are very small
for Tc/W ≪ 1. We neglect such terms in the above
expressions in Eq. (18), and thus R0 is approximately
zero at p = −2 but is in fact finite for p ≤ −2. Note that
this anomalous behavior of R0 can be attributed to the
smooth and continuous structures of ρ(ω) for p ≤ −2.
The semi-metallic DOS with a smoothly decreasing
structure means that only a very small number of
particles stay around the Fermi energy [see Fig. 2(h) and
Fig. 2(i) for comparison]. We can thus conclude that
the depletion of the DOS causes the specific behavior in
R<III.
C. Order parameter Φ
The gap energy ∆ is related to the order parameter of
the transition Φ ≡ 〈c†i↑c†i↓〉 as ∆ = UΦ, where Φ charac-
terizes the number of Cooper pairs. We find that, with a
DFS, at p = 1, the order parameter Φ shows the anoma-
lous behavior at zero temperature. Usually, Φ goes to
zero for the limit of U/W → 0 (or → Uc); e.g., in RI,
Φ ∝ U1/p−1 becomes zero, whereas Φ at p = 1 stays at
a finite value for U/W → +0. Namely, the number of
Cooper pairs suddenly increases from 0 to a/2 with an
infinitesimal U , which suggests that all of the particles
in the flat band form pairs with an infinitesimal U . Note
that the same anomalous behavior can be seen in the
flat-band magnetism on the Lieb lattice [28, 29], where
Φ can be mapped onto magnetization m.
V. UNIVERSAL RATIOS
The BCS theory predicts that certain ratios of phys-
ical quantities, such as R1 = 2∆0/Tc, will be constant
independent of the system parameters U , ρF , and so on
for the wealky interacting limit [9]. This feature helps us
to experimentally demonstrate the BCS transitions [2].
The other examples of the universal ratios are R2 and
R3 defined as R2 = ∆C(Tc)/γTc and R3 = Hc(0)
2/γT 2c
[9], where ∆C(T ) = CS(T ) − CN (T ) is the difference
in specific heat between the superconducting and the
normal conducting states, γ is the specific heat coeffi-
cient, and Hc(T ) is the critical magnetic field. In the
following, we provide general expressions of these univer-
sal ratios, including the effects of the singular structures.
For generalization, we rewrite R2 as ∆C(Tc)/S(Tc) and
R3 as Hc(0)
2/2|F (Tc)|, where entropy S(T ) and free en-
ergy F (T ) reduce to γTc and γT
2
c without any singular
structures, respectively. We find that the universal ra-
tios depend only on singularity strength p without weight
a dependence. We further provide a universal relation-
ship (R0/R1)
2 = π(R2/R3) that shows no p dependence,
where R0 is a coefficient of ∆ near Tc defined in the
previous section. We also discuss how the singular struc-
ture affects the thermodynamic quantities F (T ), C(T )
9and S(T ). Appendix I provides a list of thermodynamic
quantities and universal ratios of several lattices, such as
the square, honeycomb and Lieb lattices, in Table II for
convenience.
A. Thermodynamic quantities
Before considering the universal ratios, we provide
thermodynamic quantities of the normal conductor state:
free energy FN (T ), specific heat CN (T ), and entropy
SN (T ). Here, the origin of free energy is set to zero
FN (0) = 0. By assuming T ≪ W , we calculate these
quantities as [27]
CN (T ) =
2π2
3
ρFT + a(1− p)B2
(
T
W
)1−p
, (20)
SN (T ) =
2π2
3
ρFT + aB2
(
T
W
)1−p
, (21)
FN (T ) = −π
2
3
ρFT
2 − aB2
(2− p)
(
T 2−p
W 1−p
)
, (22)
B2 =
(
22−p − 2)Γ(3− p)ζ(2 − p)
p
.
The first terms with a coefficient ρF in Eqs. (20)-(22)
represent the conventional Fermi liquid behavior, for in-
stance, CN (T ) ∝ T , which is dominant for a = 0 or
p < 0 (namely, ∈ RIV). On the other hand, the sec-
ond terms with (T/W )1−p- or (T/W )2−p- dependence
become dominant in RI ∪ RIII. For p = 0, e.g., CN re-
duces to 2pi
2
3 (1− a)T/W + a 2pi
2
3 T ln(W/T ) [11], where a
T ln(1/T ) term is dominant for a 6= 0(∈ RII) and a lin-
ear term is dominant for a = 0(∈ RIV). These results
suggest that singular structures of the DOS induce un-
conventional T -dependence of the thermodynamic quan-
tities. This unconventional Fermi liquid behavior can be
understood as the typical responses of the Fermi surface
with the singular DOSs in the same way as above (see
Secs. III and IV, the discussion on the gap equations).
For p = 1 with a DFS, we find characteristic behaviors
CN (T ) = (2π
2T/3W )(1 − a) and SN (T ) = (2π2/3)(1 −
a)T/W + 2a ln 2, which means that the flat-band struc-
ture does not take part in the specific heat and that it
shows a constant entropy without T dependence. Large
constant entropy of 2a ln 2 will be released by the SC
transitions at low temperatures; otherwise, the residual
entropy remains at zero temperature. This entropy en-
hanced by the DOS singularity will be a reason for the
high-Tc mechanism.
B. R1: universal ratio
We calculate the universal ratio defined as R1 (=
2Tc/∆0). This value is constant A1 (= 2πe
−γE = 3.53)
without any singular structures of the DOS, which is
one of the important consequences of the BCS theory.
This statement should be extended to deal with singular
DOSs. We thus elucidate that the universal ratio R1 can
be described by a function of the singular strength p with-
out an a dependence. This suggests that the structure
of ρ(ω) around the Fermi energy cannot be neglected in
discussing the phase transitions even though singularity
weight a is small.
Using Eqs. (11) and (16), we obtain
R1 ≡ 2∆0/Tc
= 2ATc exp
(
1
p¯
Wn
(
ap¯B∆0
WρF
e
p¯
ρF U¯
)
−1
p
Wn
(
apBTc
WρF
ApTce
p
ρF U¯
))
=


2
(
B∆0
BTc
)1/p
(RI ∪RII ∪R>III)
0 (R<III)
2ATc(= A1) (RIV).
(23)
For the singular DOS structure regions (RI ∪RII ∪R>III)
R1 can be described by a single representation with a
p dependence. On the other hand, in normal metallic
regionRIV, R1 is reduced to the conventional value A1(=
2ATc). In depleted structure regionR<III, we obtain R1 ∝
(TcW )
−p/2−1 ≃ +0 with Tc/W ≪ 1 for a = p ≤ −2 (see
Appendix H). This means that Tc ≫ ∆0 in depleted DOS
region R<III, because the depletion of the DOS is crucial
at zero temperture with the steep Fermi surface, while it
has a little effect at finite temperatures.
Figure 4(a) shows the p dependence of R1. In RI, we
find that R1 rises to 4 from A1 as p increases from 0 to
1. This suggests that a larger R1 is a signature of the
higher Tc caused by the singularity. A similar tendency
can be seen in the high-Tc superconductivity in strongly
correlated electron systems [32]. In RIII, we find that
R1 decreases from A1 to 0 as p decreases from 0 to −2
and that R1 is negligible for p ≤ −2 as mentioned above.
We obtain R1 = 4 ln 2 for the honeycomb lattice p = −1,
which is the same in Refs. [18, 19]. Interestingly, at p = 0
with a logarithmic singulariy, R1 becomes A1, which is a
conventional value obtained for the non-singular DOSs.
In addition, three curves for the divergent, semi-metallic,
and normal regions merge at point p = 0 corresponding
to the logarithimic divergent region. This notable ob-
servation sheds light on the marginal properties of the
logarithimic singularity. The same results can be found
for the other two universal ratios discussed below.
C. R2: specific heat jump at Tc
We next calculate R2 defined by ∆C/SN (Tc). The fi-
nite value of ∆C, the jump of the specifiec heat at Tc,
is a clear evidence of the second order transitions be-
cause C = −T∂2F/∂2T . On the other hand, entropy
S = −∂F/∂T is continuous at Tc, and thus SN (Tc) =
SS(Tc)[= S(Tc)].
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Figure 4. (Color online) (a) R1, universal ratio, (b) R2, spe-
cific heat jump at T = Tc, (c) R3, critical magnetic field at
T = 0.
Assuming Tc/W ≪ 1, we obtain (see Appendix F)
R2 ≡ ∆C(T )
SN (T )
∣∣∣∣
T=Tc−0
=
(
ρFW + apBTc
(
Tc
W
)−p)2(
B0ρFW + aB1
(
Tc
W
)−p)( 2pi2
3 ρFW + aB2
(
Tc
W
)−p)
=


p2B2Tc
B1B2
(=
pBTc
B2
R20) (RI ∪RII ∪R>III)
0 (R<III)
12
7ζ(3) (=
3
2pi2A
2
0) (RIV).
(24)
In the singular-DOS structure regions (RI ∪RII ∪R>III),
R2 shows only p dependence, whereas R2 equals the con-
ventional value in the normal region (RIV). In the de-
pleted DOS region (R<III), R2 is negligible because of
Tc/W ≪ 1 (see Appendix H). These results are the same
as those for universal ratio R1.
Figure 4(b) shows the p dependence of R2. For the
divergent-structure region, R2 is larger than the conven-
tional value 12/7ζ(3)(= 1.43), whereas it is smaller for
semi-metals. We again find that the logarithmic diver-
gent region locates in the marginal point among the other
three regions—the divergent, semi-metallic, normal DOS
regions. The universal ratio R2 increases as p increases,
and the maximaum is 3/2 ln 2(= 2.16) at p = 1. Equation
(21) suggests that entropy S with a given T increases as
p increases. These features suggest that the jump of the
specific heat ∆C increases with increasing p and takes a
maximum at p = 1. Namely, a large entropy enhanced
by the singularity is drastically released at Tc.
The original definition of R2 is given by ∆C/γTc [9],
and thus sometimes R′2 ≡ ∆C/CN (Tc) is used for its
generalized definition [19]. We obtain the general form
of R′2 as
p2B2Tc
(1−p)B1B2 for the singular-structure region and
12/7ζ(3) for the normal region. This yields 8(ln 2)2/9ζ(3)
for the honeycomb lattice p = a = −1, which is the same
as that obtained in Ref. [19]. However, Fig. 4(b) shows
that this R′2 exhibits divergence at p = 1 as 1/(1 − p).
Such divergent behavior with a DFS has been pointed
out in the theoretical study of the strained graphene
[17]. This divergence is in fact suppressed and is due
to the approximation of Tc/W ≪ 1. More precisely, R′2
is given by (9a/2bπ2)(W/Tc) for p = 1. This suggests
that the definition of R′2 is no longer universal for the
singular regions, which may be attributed to the discon-
tinuity of the specific heat CN (Tc) 6= CS(Tc) in contrast
to SN (Tc) = SS(Tc).
D. R3: critical magnetic field at T = 0
We next provide R3 defined by
Hc(0)
2
2|FN (Tc)| . The critical
magnetic field at zero temperature Hc(0) is related to the
difference in the internal energy ∆E = ES(T ) − EN (T )
between the superconductor and normal conductor. ∆E
describes the energy gain from the formations of Cooper
pairs. Note that R3 is defined with free energy, which is
continuous at Tc as FN (Tc) = FS(Tc). We obtain (see
Appendix G)
R3 ≡ Hc(0)
2
2|FN (Tc)|
= 2π
1
2ρFW + a
p
2−pB∆0(
∆0
W )
−p
2
(
pi2
3 ρFW + a
B2
(2−p) (
Tc
W )
−p
) (2∆0
Tc
)2
=


4pipBTc
B2
(
B∆0
BTc
) 2
p
(= π
pBTc
B2
R21) (RI ∪RII ∪R>III)
0 (R<III)
6πe−2γE(= 32piA
2
1) (RIV).
(25)
In R<III, we again find R3 ≃ 0 for Tc/W ≪ 1 and
∆0/W ≪ 1 (see Appendix H).
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Figure 4(c) shows R3 as a function of p. In the same
manner as above, the magnitude of free energy |F | in-
creases as p increases with fixed T . Thus, the critical
magnetic field Hc becomes larger for larger p. This be-
havior is consistent with the fact that the transition tem-
perature is higher for larger p.
E. Relations among universal ratios
We here exhibit a relation among universal ratios:(
R0
R1
)2
= π
R2
R3
(RI ∪RII ∪R>III ∪RIV). (26)
We stress that this relation holds for all parameter re-
gions except for R<III regardless of the presence or ab-
sence of the singular DOS structures. Further, we argue
that this equation provides a certification of consistency
of our definition of universal ratios R2 and R3.
In R<III, we also find the relation(
R0
R1
)2
= π
|p|+ 2
2|p|
R2
R3
(R<III). (27)
At p → −2, this reproduces the relation shown above,
while at p → −∞, the coefficient on the r.h.s. becomes
one-half of the above. In this depleted DOS region, all Rn
are negligible but finite, because Rn ∝ (Tc/W )−p/2−1 ≪
1 or ∝ (Tc/W )−p−2 ≪ 1 for p < −2 [30] (see Appendix
H). The above relation suggests that these power-law-
(Tc/W ) dependences cancel each other out.
These relationships indicate that, regardless of the de-
tailed structures of the DOS, the physical quantities at
zero temperature and around Tc should be related with
each other. This can be considered as the universal prop-
erties of the BCS type phenomena governed by the Fermi
distribution. Note that the depletion of the DOS slightly
modifies the relation, but the nature of the transition is
unchanged.
VI. EFFECTIVE DELTA-FUNCTIONAL
SINGULARITY
Until now, we have provided analytical descriptions of
the BCS theory for lattice fermions. We have revealed
that the DFS induces the highest transition temperature
in the weakly interacting region, Tc ∝ aU , which is the
upper limit of Tc instead of the conventional exponential
form. In actual materials, it seems to be hard to make
the DFS at the Fermi energy. On the other hand, the
numerical simulations beyond the BCS theory provide a
plausible mechanism of the emergence of this singularity.
We here demonstrate that correlation effects can induce
the effective DFS in multi-energy systems such as multi-
band systems with different bandwidths. To this end,
we calculate Φ(= ∆/U) at zero temperature on a bipar-
tite system. This result obtained at T = 0 allows us to
infer the same behavior of transition temperature Tc as
discussed above [12].
A. DOS and Method
We again consider the model described by the simple
Hubbard Hamiltonian in Eq. (1). To emulate the multi-
energy system within this model, we use a DOS consisting
of two elliptic DOSs with different bandwidths.
ρ(ω) = aρeli(ω,Wnar) + bρ
eli(ω,W ), (28)
ρeli(ω,W ) =
4
πW
√
1−
(
W
2ω
)2
, (29)
whereWnar = RWW is the narrower bandwidth with the
ratio of the different bandwidths RW (≤ 1) and a(= 1−b)
denotes the ratio of the weights of bands (corresponding
to the singularity weight). The validity of this simplifi-
cation (the use of the simplified DOS for the multiband
systems) is discussed in our previous report [12].
Figure 5(a) shows the DOSs for RW = 0.01, 0.1, 0.5
and 1.0 with a of 0.5. A single elliptic structure appears
for RW = 1, which is identical to the DOS of the Bethe
lattice in infinite dimensions. For RW < 1, an additional
narrower DOS structure appears with a width of RWW .
When RW → 0, the DOS of the narrow band becomes a
delta-functional structure [see the case of RW = 0.01 in
Fig. 5(a)]. For a small but finite RW , we naively expect
that, when U is larger than the narrower bandwidth, the
narrow (but finite width) structure in the DOS can be
regarded as delta functional. We call this an effective
DFS, which leads to a high-Tc.
The numerical method we employ here is based on the
dynamical mean-field theory (DMFT) [33]. In this the-
oretical framework, we solve the self-consistent equation
that relates the original lattice model to an effective im-
purity model [33], which allows us to precisely deal with
local correlation effects. We use the numerical renormal-
ization group (NRG) [34] to solve the effective impurity
model. This method (DMFT plus NRG) has succeeded
in elucidating the superconductor and magnetic transi-
tions of correlated electrons [34].
B. Numerical results
Figure 5(b) shows Φ at T = 0 as a function of U/W
for RW = 0.01, 0.1, 0.5, 1.0 with a of 0.5. We focus
on the weakly interacting region. For RW = 1.0, our
DMFT results show the conventional exponential be-
havior, which is consistent with the analytic results:
ΦNM = (W/U)e−W/U . As RW decreases, Φ in a small U
region becomes steep. For RW = 0.1 and 0.01, Φ expo-
nentially increases for a small U/W region in U/W ≤ 0.1
and ≤ 0.01, respectively. This steep increase in Φ can be
described as Φexp = (Wnar/U)e
−Wnar/U . As U/W further
increases, the behavior of Φ for both RW = 0.1 and 0.01
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is similar, which can be described by the form obtained
from Eq. (16) with p = 1:
ΦDFS =
aW
2bUW0
(
ae
W
bU
2b
) ≃ a
2
+
abU
2W
ln
(
2W
aU
)
, (30)
which is shown as a dash-dotted line in Fig. 5(b).
First, the order parameter exponentially develops as
Φexp for U < Wnar, and then forWnar < U < W , it is de-
scribed by ΦDFS with the Lambert W function, suggest-
ing that the DFS is effectively induced by the interaction
with the middle strengths of Wnar < U < W . This is the
effective DFS as we expected. We note that there are
two gap energy scales: fast developing ∆exp(= ΦexpU)
and slowly developing ∆DFS(= ΦDFSU). These results
at T = 0 indicate that Tc as a function of U shows the
same linear U dependence due to the effective DFS for
Wnar < U < W . We thus argue that this effective DFS
mechanism in multi-energy (multi-gap) systems provides
a guide for designing high-Tc SC materials.
We should note that the effective DFS can be found in
the models for describing the actual systems, although
we here employ the simplified DOS in Eq. (28) for em-
ulating a multi-energy system. For example, in a three-
dimensional layered Lieb lattice, which is realized in cold
atom experiments [14], the sublattice structure induces
multi-energy scales, and the layered structure enables us
to control the band structure [12]. Our previous nu-
merical calculations correctly dealing with the sublattice
structure show a good agreement with the analytical de-
scription, suggesting that our modeling of the DOS is
valid for a sublattice system [12]. Another example of
the mechanism has been pointed out in Ref. [35]: The
authors have investigated a high-Tc SC mechanism on
the Hubbard ladder system with a repulsive interaction
with numerical calculations based on the fluctuation ex-
change approximation. Although model and calculation
details are different, the main statement of this study is
consistenent with what we pointed out: a correlated elec-
tron system with a coexistence of narrow and wide bands
can induce higher Tc.
VII. SUMMARY
We investigated superconducting transitions in lattice
fermions based on the BCS theory with a modeling of
the DOS, which describes divergent and semi-metallic
structures. We derived an analytical solution of Tc and
∆ of all systems described by this DOS at half filling.
This simple modeling captures the competition between
polynomial and exponential responses of the degenerate
fermions around the Fermi energy, which is crucial in
phase transitions in lattice fermions.
We revealed that the asymptotic forms of Tc with U are
classified into four types. In divergent and logarithmic-
divergent regions RI ∪ RII, these functional forms of Tc
 0
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Figure 5. (Color online) (a) DOS for RW = 0.01, 0.1, 0.5,
and 1.0 with a = 0.5. (b) SC order parameter Φ vs. U
for the same parameters. The (dark-blue) dash-dotted line
represents ΦDFS = aW
/
2bUW0
(
aeW/bU
2b
)
, and the (black)
double-dashed line is ΦNM = (W/U)e−W/U .
include singularity weight a as aU . This suggests that a
large a induces higher Tc. On the other hand, in RIII,
the semi-metallic structures induce quantum phase tran-
sitions with finite interactions. In normal region RIV,
we found that the sign of singularity weight a determines
whether the interaction is enhanced or suppressed. These
various asymptotic forms originate from the Fermi degen-
eracy.
We provided generalized definitions of universal ratios
in the BCS theory to deal with the singular structures
of the DOS. These ratios no longer show the single val-
ues but can be parametrized by a single variable that
characterizes the singular DOS structures. We uncov-
ered relationship among these ratios, which assures that
the superconducting transition is of the second order with
divergent and semi-metallic DOS structures.
We numerically elucidated that in a two-band system
correlation effects can incorporate the two (gap) energy
scales, which leads to the effective delta-functional singu-
larity for Wnar < U < Wwide. This effective singularity
enhances Tc, which can be described as Tc ∝ U . This
is the upper limit elucidated by our description. This
phenomenon generally appears in a multi-energy system
and may be used as a guideline for material-designs for
obtaining the high-Tc SC materials.
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Appendix A: Lambert W function Wn(x)
The Lambert W functionWn(x) is the inverse function
of xex, and its definition is written as x =Wn(x)eWn(x)
[36]. This function can be regarded as a generalization
of the logarithmic function defined by x = eln(x), which
is the inverse function of ex. With a restriction of real-
valued Wn(x) and x, the following two branches are de-
fined as shown in Fig. 3: the principal branch W0(x)
defined for [−1/e,∞) and the negative branch W−1(x)
for [−1/e, 0). Note that the Lambert W function is mul-
tivalued for [−1/e, 0).
As shown in Fig. 3, the asymptotic expansions of these
branches are given by
W0(x) =


x (x ≃ 0) (A1a)
lnx− ln(lnx) (x→∞) (A1b)
−1 +
√
2e
(
x+
1
e
)
(x ≃ −1/e), (A1c)
and
W−1(x) =


−1−
√
2e
(
x+
1
e
)
(A2a)
(x ≃ −1/e)
ln(−x)− ln(− ln(−x)) (A2b)
(x→ 0).
Interestingly, these expansions lead to four different
asymptotic U -dependences of Tc and ∆ (see Sec. III C
and Appendix D).
The Lambert function can describe both polynomial
and exponential behaviors, which naturally appear in
physical systems. Actually, in the past, P. Nozie´res
and F. Pistolesia have employed this function to deal
with semiconductor-superconductor transitions without
the name “Lambert W function” [37]. These facts indi-
cate that the Lambert function could be commonly used
for a description of phase transitions of lattice fermions.
Appendix B: Integral for Tc
To derive Eq. (7), we use the following integral equa-
tion:
I(p) =
∫ y
0
ω−p
tanh(ω)
ω
dω
∼ −1
p
y−p + (4p+1 − 2p+1)Γ(−p)ζ(−p)
for y ≫ 1 and p < 1, (B1)
where Γ(x) and ζ(x) represent the gamma and Rie-
mann zeta functions, respectively. By applying coeffi-
cient a[(1−p)/p](W/4T )p, and by substitutingW/4T into
y, we can determine the parameters in Eq. (7). Namely,
χ and BTc can be obtained from the first and second
terms in the second line of Eq. (B1), respectively. For
p→ 1, Γ(−p) diverges as 1/(1−p), which sets the bound
of p < 1. This divergence is canceled by the coefficient
1− p, and thus BTc is defined for p ≤ 1.
We briefly comment about the p→ 0 limit of Eq. (B1).
For this limit, Eq. (B1) yields the well-known integral
I(0) = ln(4eγy/π), which leads to the third term on the
r.h.s. of Eq. (7). This can be obtained by considering
that the second term in (B1) reduces to ln(4eγ/π) + 1/p
for p → 0 and that limp→0(1 − y−p)/p = ln y. On
the other hand, the singular DOS in Eq. (4) leads to
a logarithmic DOS for p = 0. We can correctly ob-
tain the integral equation
∫
dω log(ω) tanh(ω)/ω from
limp→0[(1− p)/p][I(p)− I(0)].
To make this paper self-contained, we briefly explain
the derivation of the above integral (B1). We divide the
integral region as follows:
I(p) =
∫ 1
0
dx
tanhx
xp+1︸ ︷︷ ︸
=I1
+
∫ y
1
dx
1
xp+1
−
∫ y
1
dx
(
2x−p−1
e2x + 1
)
︸ ︷︷ ︸
=I2
= −1
p
(y−p − 1) + I1 − I2, (B2)
where we use tanh(x) = 1−2/(e2x+1). In the following,
we approximately take y → ∞ in integral I2. Error in
this approximation decreases exponentially for a large y.
Integral I1 is written as
I1 = 2
∫ 1
0
dx
sinh(x)
xp+1
∞∑
n=0
(−1)ne−(2n+1)x
= (4p+1 − 2p+1)Γ(−p)ζ(−p)
+
4
p
∞∑
n=1
(−1)nnEp(2n) + 2
p(1 + e2)
− 1
p
, (B3)
where Ep(x) is the exponential integral defined as
Ep(x) =
∫∞
1 dt
e−xt
tp . Here, we use the follow-
ing equations to obtain the final result of Eq. (B3):
2
∫ 1
0
dx sinh(x)xp+1 e
−(2n+1)x = 2pΓ(−p)[np − (n + 1)p] −
Ep+1(2n)+Ep+1(2n+2), Ep+1(2n) =
e−2n
p − 2np Ep(2n),
and
∑∞
n=1(−1)nnp = (21+p − 1)ζ(−p).
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Integral I2 is calculated by partial integration as
I2 =
2
p(1 + e2)
− 4
p
∫ ∞
1
dx
1
xp
e−2x
(1 + e−2x)2
=
2
p(1 + e2)
+
4
p
∞∑
n=1
(−1)nnEp(2n), (B4)
where we use r(1+r)2 =
∑∞
n=1(−1)n+1nrn. Substituting
Eqs. (B3) and (B4) into Eq. (B2), we obtain Eq. (B1).
Appendix C: Integral for ∆0
We use the following integral equation to derive Eq.
(13): ∫ W/2
0
dωω−p
1√
ω2 +∆20
=
(
2
W
)p
W
∆0
2F1
(
1
2 ,
1−p
2 ;
3−p
2 ;−W
2
4∆20
)
2(1− p) (p < 1)
=
(
2
W
)p{
−1
p
+
Γ
(
1−p
2
)
Γ
(
p
2
)
2p+1
√
π
(
∆0
W
)−p
+
2
2 + p
(
∆0
W
)2
+O
(
∆0
W
)4}
, (C1)
where 2F1(α, β; γ;x) denotes the hypergeometric func-
tion. In the same way as above (Appendix B), by apply-
ing coefficient a[(1−p)/p](W/2)p, we obtain the first and
the second terms on the r.h.s. of Eq. (13).
Equation (C1) shows that the second leading term
changes at p = −2 with decreasing p from ∝ (∆0/W )−p
to ∝ (∆0/W )2, and then it remains 22+p (∆/W )2 for
p < −2. As a result, p¯ and B∆0 show complex p de-
pendences as denoted in Eqs. (14) and (15). For p = 0,
Eq. (C1) reduces to ln(W/∆0)+(∆0/W )
2, the first term
of which yields the third term on the r.h.s. of Eq. (13).
Note that the second term (∆0/W )
2 is included in B∆0
for p ≤ −2.
Appendix D: Asymptotic expansions
We here explain how the asymptotic forms of Tc for the
weakly interacting limit U/W ≪ 1 are determined from
the unified expression of Tc with the Lambert W func-
tion in Eq. (11). We consider the argument of Wn(X) in
Eq. (11) given by X =
apBTc
WρF
ApTce
p/ρF U¯ . As U decreases
down to the weak interaction limit, U/W → 0, the argu-
ment X goes to either ±0, −1/e, or ∞ depending on p
and a. The asymptotic behavior of Wn(X) around these
points shown in Eqs. (A1) and (A2) determine the forms
of Tc for U/W ≪ 1 in Eq. (12). Considering the (a, p)-
dependences of X , we define the four regions Rn(n =I,
II, III, and IV) in Table I. For negative X ≤ 0, the Lam-
bert function is multivalued, and then we have to care-
fully choose eitherW0(X) orW−1(X) to obtain a correct
form of Tc. Note that the wrong choice leads to the un-
physical solution of the gap equation. In the following,
we provide the detailed derivations of the asymptotic be-
havior in each regionRn, which can be straightforwardly
extended to the asymptotic forms of ∆0.
In divergent-structure region RI, X goes to ∞ for
p ≤ a, while it goes to −0 for p > a, which are dom-
inated by ep/ρF U¯ , where p > 0, BTc > 0, and U¯ ≃
U(> 0). For p ≤ a, we employ the expansion W0(X ∼
∞) ≃ (p/ρF U¯) + ln(aBTc U¯/W ) + p lnATc . Substituting
this into Eq. (11), we obtain Tc/W = (aBTc U¯/W )
1/p.
For p > a, since X ≤ 0, we should choose either
W0(X ∼ −0) ≃ X(∼ 0) or W−1(X ∼ −0) ≃ (p/ρF U¯) +
ln(aBTc U¯/W ) + p lnATc . The former yields the unphys-
ical solution Tc/W = (1/ATc)e
−1/ρF U¯ → ∞ because of
a negative ρF , whereas the latter yields the physical Tc
in the same form as for p ≤ a. Note that the expansions
W0(x ≃ ∞) and W−1(x ≃ 0) are written as the single
from Wn(x) = ln((−1)nx) − ln((−1)n ln((−1)nx)). This
form provides the physical solution of the power-law-U
dependences of Tc in RI: Tc/W = (aBTcU/W )1/p.
In log-divergent structure region RII, X goes to −1/e,
where ρF , χ, and BTc diverge for p→ 0, but they totally
cancel out each other. The expansion of X around p = 0
is given by −1/e+ (p2/a2e)(aW/U + b2/2+ a2Alog/2) +
O(p3), where b = 1−a and Alog = γ2−π2/4+2 ln2 2+2γ1
with the Stieltjes constant γ1(= −0.0728). Then, we ob-
tain the multivalued asymptotic formsWn(X ∼ −1/e) ≃
−1 + (−1)n(p/a)√2aW/U + b2 + a2Alog. We also need
the expansion of−1/ρF U¯ around p = 0, which is given by
1/p+ b/a+O(p). Substituting these expansions into Eq.
(11), we obtain Tc for the log-divergent structure region:
Tc/W = exp
(
b
a + (−1)n ba
√
1 + 2aWb2U +
a2Alog
b2
)/
ATc .
The principal branch yields the unphysical Tc(→ ∞),
while the negative branch provides the physical Tc ≃
(1/ATc)e
−
√
2W/aU .
In semi-metallic structure region RIII, X goes to ∞
because ρF → +0, p = a < 0, and BTc > 0. We ob-
tain Tc/W = (pBTcU¯/W )
1/p, which is the same as the
form in RI. For a small U ≃ 0, U¯(≃ U) is positive,
and thus pBTcU¯ is negative, indicating that Tc/W is
complex and thus an unphysical solution. For a larger
U ≥ −1/aχ, the sign of U¯ becomes negative. Thus,
the above form yields the physical solution. This clar-
ifies that the SC phase transition occurs at the criti-
cal point Uc ≡ −1/aχ[= |p|/(|p| + 1)W ]. It is con-
venient to rewrite the form of the physical solution as
Tc/W =
(
(U − Uc)W/|p|BTcU2c
)1/|p|
.
In normal structure regionRIV, X goes to±0 for a neg-
ative (positive) a because ep/ρF U¯ → 0, p < 0, BTc > 0,
and U¯ ∼ U(> 0). For a > 0, the negative branch yields
an unphysical Tc/W (→∞). For both positive and nega-
tive a, the physical solution is obtained from the asymp-
totic form W0(X ≃ 0) ≃ X(≃ 0), which reproduces the
well-known exponential form Tc/W = (1/ATc)e
−1/ρF U¯ .
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Appendix E: Gap energy around Tc
The gap energy ∆ around Tc in Eq. (17) in Rtot except
for R<III is determined from the following gap equation:∫ ∞
−∞
dωρ(ω)
1
2ω
tanh
( ω
2T
)
−
∫ ∞
−∞
dωρ(ω)
1
2ω
tanh
(
ω
2Tc
)
=
∞∑
n=0
∫ ∞
−∞
dωρ(ω)
2T∆2
(ω2 + ((2n+ 1)πT )2)2
, (E1)
where we use tanh(
√
x2+∆2/2T )
2
√
x2+∆2
− tanh(x/2T )2x ∼
−∑∞n=0 2T∆2(x2+((2n+1)piT )2)2 + O(∆4), and∫∞
−∞ dωρ(ω)
1
2ω tanh(
ω
2Tc
) = 1/U . Equation (E1)
does not hold for p ≤ −2 with a 6= 0 because the second
line of Eq. (E1) diverges at p = −2 with a = p.
Here we mention the p = 0 limit of R0 in Eq. (18),
where R0 is given by R0 ≃
√
(1−a)+a ln(W/Tc)
B0[(1−a)+a ln(W/Tc)] . It can
be further reduced to
√
1/B0 for both a = 0 (∈ RIV)
and a 6= 0 (∈ RII). Note that
√
pBTc/B1 coincides with√
1/B0 for p = 0. Thus, R0 =
√
pBTc/B1 is defined for
all of the regions with singular structures RI∪RII∪R>III.
For a = p ≤ −2 (in R<III), ∆ around Tc in Eq. (19) is
obtained from the following gap equation:∫ ∞
−∞
dωρ(ω)
1
2ω
tanh
( ω
2T
)
−
∫ ∞
−∞
dωρ(ω)
1
2ω
tanh
(
ω
2Tc
)
=
∂
∂T
∫ ∞
0
dωρ(ω)
−∆2
2ω3
T tanh
( ω
2T
)
(E2)
where we use an expansion around ∆ = 0:
tanh(
√
x2+∆2/2T )√
x2+∆2
− tanh(x/2T )x ∼ ∂∂T [− ∆
2
2ω3 T tanh(x/2T )]+
O(∆4). Equation (E2) holds for a = p < −1 because of
the bound of the integral in the second line in Eq. (E2).
Note that both Eqs. (E1) and (E2) hold for −2 < p < −1
with p = a and yield the same result,
√
pBTc/B1, inR>III.
Appendix F: Specific heat difference at Tc: ∆C
The discrete jump of specific heat at the transition
temperature ∆C characterizes the second universal ratio
R2[≡ ∆C/S(Tc)]. We calculate ∆C as
∆C = [CS(T )− CN (T )]T=Tc−0
=
∫
dωρ(ω)
∂f(ω)
∂ω
∂∆(T )2
∂T
∣∣∣∣
T=Tc−0
=
Tc
W
(ρFW + apBTc(Tc/W )
−p)2
(B0ρFW + aB1(Tc/W )−p)
, (F1)
which does not hold for R<III. We use Eqs. (B1) and (17)
to obtain ∆C.
The finite ∆C reflects the fact that the SC transi-
tion is of the second order. Namely, the second-order
derivative of free energy, which is the specific heat C =
−T∂2F/∂2T , is discontinuous at the transition point. In
contrast, the entropy, which is the denominator of R2, is
continuous at Tc: SS(Tc) = SN (Tc). If we use CN (Tc)
as the denominator of the universal ratio, it diverges at
p = 1 as mentioned in the main text.
Appendix G: Critical magnetic field at T = 0: Hc(0)
The critical magnetic field Hc(T ) characterizes the
third universal ratio R3 = Hc(T = 0)
2/2|FN(Tc)|.
This quantity is related to the difference in free ener-
gies between the superconducting and normal conducting
states: Hc(T )
2
8pi = FN (T ) − FS(T ). At zero temperature,
the free energy reduces to the internal energy E, and thus
we obtain
Hc(0)
2
8π
= ∆E = EN (0)− ES(0)
=
∫ 0
−W/2
dωρ(ω)
(
2ω2 +∆20√
ω2 +∆20
+ 2ω
)
=
1
2
ρF∆
2
0 − a
Γ
(
3
2 − p2
)
Γ
(
p
2 − 1
)
21+p
√
π
∆2−p0
W 1−p
−2− 3a+ p
2(2 + p)
∆40
W 3
+O
(
∆0
W
)6
, (G1)
where the second leading term changes at p = −2. Such
a special property at p = −2 results from the fact that
∂ρ(ω)/∂ω|ω→0 is discontinuous for −2 < p, and this be-
havior disappears for p ≤ −2. A similar anomaly is found
in the gap equation at zero temperature for deriving ∆0.
Note that the steep Fermi surface with a finite jump at
T = 0 is relevant for this special property, and thus such
a property cannot be found at finite temperatures with
a smooth Fermi surface.
The energy difference ∆E can be characterized by
∆E = ∆0Npair, meaning that Npair particles form pairs
with binding energy ∆0. For p = 1, we obtain Npair =
− 12 ∆0W (1 − a) − a2 . a/2 corresponds to the number of
particles forming pairs from the flat-band structure.
Appendix H: Depleted DOS region R<III
In R<III (a = p ≤ −2), the DOS is semi-metallic and
smoothly decreases around ω = 0, suggesting that the
DOS around ω = 0 is very dilute. The depletion of DOSs
causes the anomalous behavior in all Rn=0,1,2,3, which are
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given by:
R0 =
(−pBTc
B∆0
)1/2(
Tc
W
)−p/2−1
,
R1 = 2
(
BTc
B∆0
)1/2(
Tc
W
)−p/2−1
,
R2 =
−p2B2Tc
B2B∆0
(
Tc
W
)−p−2
,
R3 =
2π(p− 2)B2Tc
B2B∆0
(
Tc
W
)−p−2
,
where B2 < 0, BTc > 0, and B∆0 = 2(1−p)/p(p+2) > 0.
Using these equations, we obtain the modified universal
relationship in Eq. (27).
Appendix I: Table of thermodynamic quantities
For convenience, in Table II, we summarize Tc,∆0,
universal ratios, and thermodynamic quantities of spe-
cific DOSs: the delta-functional divergent DOS (flat-
band systems, such as the Lieb lattice), the logarithmic
divergent DOS (the square lattice), and the linearly van-
ishing DOS (the honeycomb lattice). These examples are
representatives of each classified regions shown in Table
I.
Table II. Thermodynamic properties of several systems. ATc = pie
−γE and Alog = γ
2
E −pi2/4+2 ln2 2+2γ1, where γE(= 0.577)
and γ1(= −0.0728) is the Euler’s and Stieltjes’s constant, respectively. AG(= 1.28) represents the Glaisher’s constant, which
has a relation: lnAG = 1/12 − ζ′(−1). There is the normalized condition: a+ b = 1.
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